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PROPERTIES OF THE DIRAC SPECTRUM ON THREE DIMENSIONAL LENS SPACES 


SEBASTIAN BOLDT 


Abstract. We present a spectral rigidity result for the Dirac operator on lens spaces. More specifically, we 
show that each homogeneous lens space and each three dimensional lens space L(q-,p) with q prime is completely 
characterized by its Dirac spectrum in the class of all lens spaces. 


1. Introduction 


Let M be a compact Riemannian spin manifold, i.e., a compact oriented Riemannian manifold with a fixed 
spin structure. Then there is a canonical first order differential operator D on M called the (spin-) Dirac or 
Atiyah-Singer operator. This operator is elliptic and self-adjoint and hence possesses a discrete real spectrum 
Spec 0 (M) consisting of eigenvalues with finite multiplicities. A typical question in spectral geometry is to what 
extent the geometry of M is determined by Spec 0 (Af) or by the spectrum of any other canonical geometric 
operator. 

In this article, we investigate this question for three dimensional lens spaces and for homogeneous lens spaces. 
A lens space is a quotient of the sphere S 2m ~ 1 by a cyclic group of isometries. 

Spectrally, lens spaces were first examined by A. Ikeda and Y. Yamamoto in [IY79| and |Yam80] . These 
authors proved that homogeneous lens spaces and three dimensional lens spaces are completely determined by 
the spectra of their Laplace-Beltrami operators in the class of all lens spaces. 

Spectra are seldom explicitly computable. For a 2 m — 1 dimensional lens space L = L(q;pi 1 ... ,p m ) (see 
Section [2] for notation and definitions), the eigenvalues of the Laplacian are k(k + 2(m — 1)), k G No, with 
corresponding multiplicities m k which depend on the lens space L. Ikeda and Yamamoto introduced the 
generating function F L of the Laplace operator on L, defined by 

OO 

F L {z) = Y j m k z k . 

k —0 

By definition, this power series encodes the whole spectrum. Hence, two lens spaces L and L' are Laplace 
isospectral if and only if F L = F L . Ikeda and Yamamoto prove that the generating functions have meromorphic 
extensions to C of the form 


( 1 . 1 ) 


F l {z) 


1 yl._ 1-Z 2 _ 


where £ q denotes the q -th root of unity e 2m / q . 

They then use formula CD to prove spectral rigidity of homogeneous lens spaces by determining the order 
of the poles of F L . In the non-homogeneous case, a careful analysis of the poles and residues of F L leads to the 
following set of equations if the three dimensional lens spaces L(q;p) and L(q; s) are isospectral: 


( 1 . 2 ) 


CO, ifctlb _ c„, MALI! „ + cot hE-+I!„ - cot 


k(s + 1 ) k(s — 1 ) k(s* + 1 ) 

= cot-7r — cot-7r + cot-7T — cot 


k(p* - 1) 

-7r 

q 

k(s* - 1) 

-7r 

q 


for all 1 < k < q — 1 s.t. k(p ±1)^0 (mod q) and k(s ± 1) ^ 0 (mod q), where p* and s* are multiplicative 
inverses modulo q of p and s, respectively. The solutions of this set of equations are p = ±,s (mod q) and 
p ■ s = ±1 (mod q). This, in turn, is equivalent to L(q-p) and L(q; s) being isometric. 
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The key ingredient to solving the equations in (11.211 is the fact that the numbers cot |7T with 1 < k < 
|, ( k,q ) = 1 are linearly independent over Q (see e.g. jBBW73l ). a fact that goes back to a very interesting 
problem of Chowla [Cho70j . 

Inspired by Ikeda’s and Yamamoto’s work, C. Bar introduced the generating functions of the Dirac operator 
on lens spaces, and more generally on spherical space forms, in his Ph.D. thesis |Bar911 (see also |Bar96l ’l. 
The eigenvalues of the Dirac operator on the lens space L = L(q;pi,... ,p m ) with a fixed spin structure are 
± ( 2 "~ 1 + fc), k G No, with corresponding multiplicities m±. The associated generating functions are 


F±(z) = 


OO 

E 

k=0 


mtz k . 


Bar proves that these generating functions have meromorphic extensions to C. For odd q these are (see Corol¬ 
lary EU): 


^) = VE- 


E ?2 q 


( 9+1 )kJ2j tiVi 


E Jq+i)kJ2j £jVi 

t,2q 


k=0 


F- L (--) = — E 


om -1 ^l 


- ^ kpj - z) 
i=l 

E *(9+l)fe E,- tjPj \ ' 

2 • E 

€l"-em=(-l) m + 1 


Aq+l)kY,j tjPj 
S 2 q 


/c—0 


- Z )ttq kPi ~ z ) 

i=i 


The aim of this article is to shed light on the relationship between the Dirac spectrum and the geometry 
of lens spaces which are homogeneous or three-dimensional. We will use Bar’s formulas and the path that has 
been paved by Ikeda and Yamamoto to do so. Namely, we will analyse the poles and residues of F±, which 
encode spectral information, to deduce geometric properties of L. 

There are, however, some differences to the Laplace case. The Dirac spectrum depends not only on the metric, 
but also on the orientation and the spin structure. The dependence on the orientation is already immanent in 
the definition of a spin structure and one can easily see that a change of orientation causes the spectrum to be 
reflected about zero. The second dependence is more complicated, i.e., there is in general no relation between 
the spectra associated to inequivalent spin structures; see, e.g., |Bar00j . If, however, the Riemannian spin 
manifold M has two inequivalent spin structures (P, £) and ( Q,r 7 ) and an, say orientation preserving, isometry 
/ that relates the two spin structures, i.e., the differential df : SO(M) —>• SO(M) as a map of the oriented 
orthonormal frame bundle SO(M) of M lifts to a map df : P —> Q , then the spectra of the Dirac operators 
associated with the spin structures (P, £) and ( Q,p ) coincide. 

Because of the above, we introduce the notion of two Riemannian spin manifolds being e-spin-isometric, which 
means there is an isometry that relates their spin structures and is, according toe = 1 or £ = — 1 , orientation 
preserving or reversing. We then extend the well-known Theorem 12.41 which states an equivalent condition of 
isometry for two lens spaces, to Theorems 12.61 and 12.81 which state equivalent conditions for e-spin-isometry of 
two lens spaces. 

Of course, e-spin-isometric manifolds are e-isospectral; that is for e = 1 their spectra coincide (including 
multiplicities) whereas for e = — 1 their spectra coincide after one of them is reflected about zero. Isospectrality 
is then understood as e-isospectrality for some e € {± 1 }. 

The two main results of this paper, Theorems 13.81 and 14.101 are concerned with the inverse direction. The¬ 
orem [iTH] states that if two lens spaces, one of which is homogeneous, are isospectral, then they are isometric. 
In dimension three, this statement is strengthened to state that two e-isospectral lens spaces, one of which is 
homogeneous, are e-spin-isometric. 

Theorem 14.101 states that for prime q, if the lens spaces L(q;p) and L(q;s) are e-isospectral, then they are 
e-spin-isometric. The proof starts out for general q in the same way as Ikeda’s and Yamamoto’s proof did and 
arrives at the following set of equations in the case that q is odd (the case q even is similar, see Corollary 14.71) 
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and both lens spaces are non-homogeneous: 


(1.3) 




/ k(p + 1 ) 


cot 


7T — cot 


= 6 


2 ±i ks f k(s + 1 ) 


cot 


7 r — cot 


k{p - 1 ) 

-7 

q 

k(s — 1 ) 


+ £? 


a±ifcp* ( k(p* + 1 ) 


cot 


+ 


2±ifc s * f , k(s* + 1) 


cot 


7T — cot 


7T — COt 


k{p* - 1 ), 

- I 

q 

k(s* - 1 ) 


for all 1 < k < q — 1 s.t. k(p ± 1) ^ 0 (mod q ) and k(s ± 1) ^ 0 (mod q). Unlike in the case of the numbers 
cot 1 7 r, ( k , q) = 1, there is no theorem about the linear independence of the numbers Q cot ^7r. In fact, it is 
hard to even formulate such a statement as there are nontrivial linear dependences among these numbers due 
to dimensional reasons. 

However, at the end of |Yam80j . Yamamoto gave an alternative proof for the solutions of the equations (11.211 
in case q is a prime number. That proof uses techniques from analytic number theory, namely, the theory of 
A-adic series in the cyclotomic fields Q q = Q(£ 9 ), and it carries over to the case of the Dirac operator. Thus, 
we will use this technique to solve the equations (USD- 

Unfortunately, that proof does not work for arbitrary ggN. Numerical calculations for q in a large range sug¬ 
gest that Theorem ld.lQI is true if one drops the assumption that q is prime, see Remark 14.131 and Coniecture l4.121 
but the method of proof would have to be different. 

This paper’s main focus lies on three dimensional lens spaces; one can also ask about Dirac isospectrality of 
higher dimensional lens spaces. This has been investigated in |BL14j . With a representation theoretic approach, 
explicit formulas for the multiplicities have been found, and from this criteria for the isospectrality of lens 
spaces have been derived. Furthermore, we were able to construct families of isospectral lens spaces in higher 
dimensions. 

We refer the reader who is new to spin geometry to [LM89] for a comprehensive introduction. A thorough 
treatment of the Dirac spectrum is given in [Gin09j . In particular, several examples of Dirac isospectral pairs 
and families are given in that book. 

This paper is organised as follows. In Section [2] we introduce lens spaces, describe their spin structures and 
their + 1-spin-isometry classes. Section [3] contains the description of the spectra of lens spaces via generating 
functions and closes with Theorem 13.81 the statement about the spectral rigidity of homogeneous lens spaces. 
In Section we restrict to three dimensional non-homogeneous lens spaces and carry out the details that lead 
to Theorem 14.101 and Conjecture 14.121 In Section 0 we mention how the technique used in Section [I] carries 
over to give a new proof a known result about 77 -invariants of three dimensional lens spaces. 


Dedication 

I dedicate this article to Jorg Schiilke, my dear father and first teacher in mathematics. 


2. Lens Sapces, Spin Structures and Isometry classes 

This section contains the setup used throughout the paper. We define lens spaces, describe their spin 
structures and isometry classes. 

Definition 2.1. Let q G N, pi,... ,p m £ Z with ( q,p.i ) = 1 for 1 < i < to. Define 7 ^ by 
lq = 7q U " ’ Pm ■= diag( 

The lens space L(q\pi ,... ,p m ) is defined as the quotient 

L(q;p 1 ,...,p m ) = (Y q 1 - Pm )\S 2m - 1 . 

The matrix is of order q and has, by assumption, only primitive q -th roots of unity as eigenval¬ 

ues. Therefore, it generates a freely acting finite group of orientation preserving isometries of 5 2m_1 , and 
L(g;pi,..., Pm) is thus canonically given the structure of an oriented Riemannian manifold. 

The bundle of oriented orthonormal frames SO(S 2m ~ 1 ) of S 2m ~~ 1 is SO(2m) with projection onto the last col¬ 
umn vector. A spin structure is a fibrewise non-trivial two-slieeted covering of the bundle of oriented orthonormal 
frames (see ILM891 Theorem 1.4]), which, in this case, is seen to be Spin(2m). Due to its simply-connectedness, 
this is the only spin structure of S 2m ~ 1 . Since lens spaces L(q;pi,... ,p m ) are quotients of the sphere, their spin 
structures arise as certain quotients of the sphere’s spin structure Spin(2m,) (see |Gin091 Proposition 1.4.2]), 
which are in one-to-one correspondence with group homomorphisms r : T —> Spin(2m) such that 0 o r = Idr, 
where 0 : Spin(27u) —> SO(2 to) is the universal covering homomorphism. 

Spin structures on lens spaces were first classified in |Fra87| , though not in the language described above. 


cos(2pi7r/g) sin^piTr/g) 
— sin(2pi7r/q) cos(2pi7r/ q) 


cos(2p m 7r/q) sin(2p m 7r/g) 
— sin(2p m 7r/ q) cos(2p m 7r/ q) 


€ SO(2m). 
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Proposition 2.2. The lens space L = L(g;pi,... ,p m ) admits a spin structure if and only if q is odd or m is 
even. If q is odd, the unique spin structure is given by 

m 

:=n( c “ MS ^ +si " MiCt ^'S-ie 2) ) - 
j= 1 

If q and m are even, there are precisely two spin structures given by 

m 

T h (bl) k ) ■= {-l) Hh+h « ] n (cos + sin ^e 2 j—ie 2 j) , 

j=i 

for h G {0,1}, where h P q := h p q := E^LiLyJ- 


Proof. A group homormorphism r : ( 7 ^) —> Spin(2m) with 0or = Id has to map 7 ^ to one of its preimages under 
0, which are ±IIj=i (cos + sin 62 j- 162 (see, e.g., ]BtD85[ pp. 173]). It thus suffices to determine 

the order of these elements. By elementary calculations in the group Spin(2m) (see, e.g., ]LM89] Chapter I]) 



m 

= (±ir n (-!) w 

J=1 

= (±1) 9 (-l)^iW . 


If q is odd, exactly one of the two preimages, depending on the parity of YljPji h as order q. If q es even, the 
Pi are necessarily odd so that each preimage has order q if and only if m is even. For To and ri to be invariant 
modulo q instead of 2 q, we introduce h □ 


Notation 2.3. If q is odd, let L(q;p\,... ,p m ) be equipped with its unique spin structure. If, on the other hand, 
q and m are even, denote by L(q;pi,... ,p m ', h) the lens space L(q-,pi,... ,p m ) together with the spin structure 
Th, where h G {0,1}. 


We now turn our attention to the isometry classes of lens spaces. The following theorem is well known. 


Theorem 2.4. Let L := L(q-,pi,... ,p m ) and L' := L(q; s 1 ,.. •, s m ). Then the following assertions are equiva¬ 
lent: 


(1) L and L' are isometric. 

(2) There is a number I G Z, a permutation a G S m and there are numbers e, G {±1} such that 

tp*(i)£*(i) = Si (mod q) 

for every 1 < i < m. 


Proof. (1) —» (2): If L and L' are isometric, they are certainly homeomorphic. Now ICoh73 ! §31] asserts (2). 
To prove (2) —> (1), we associate the S' 2m-1 -isometry 

( 2 . 1 ) ^ (*^ 1 ) 2/1 ) * • * ) , Vm) • (*^c(l) ) ^cr(l) Ua{l) , • • * , *^(t( m) 5 ^-cr(m) 2 /cr(m) ) 

with the data £, a and 1 < i < m. One easily checks that 

( 2 . 2 ) 

so that W induces an isometry if : L — >• L' by [a;] i— > ]ih(a:)]. □ 


For any odd dimensional oriented Riemannian manifold M we denote by M the reversely oriented Riemannian 
manifold M and define a SO(n; K)-equivariant map F : SO(M) —> SO(M) by (iq,..., v n ) x >->• (— v \,..., — v n ) x = 
(vi,... ,v n ) x ■ (—Id), where (tq ..., v n ) is an orthonormal basis of T X M. Next, we associate with any spin 
structure (P,f) of M a spin structure (P, £) of M by setting P := P and | := F o £ : P —> SO (M). 

Let M and N be odd dimensional spin manifolds with spin structures (P, £) and (Q,r]) 1 respectively, and let 
/ : M —» A~ be a smooth map. 


Definition 2.5. (1) The map / relates the spin structures (P, £) and ( Q,p ) if / is orientation preserving 

and f*(Q,ri) is equivalent to (P,£), or if / is orientation reversing and f*(Q,r]) is equivalent to (P, f). 
(2) The map / is a +1 -isometry if it is an orientation preserving isometry and a — 1-isometry if it is an 
orientation reversing isometry. 
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(3) The spin manifolds M and N are spin-isometric if there exists an isometry / : M —>• N that relates 
their spin structures. 

(4) Let e G {±1}- Then M and N are e-spin-isometric if there exists an £-isometry / : M —>• N that relates 
their spin structures. 

Theorem 2.6. Let e G {±1} and L := L(q\pi,... ,p m ), L' := L{q\ si,..., s m ). Then the following assertions 
are equivalent: 

(1) L and L' are e-isometric. 

(2) There is a number i G Z, a permutation a G S m and there are numbers e* G {±1} such that 

= Si (mod q) VI < i < m 

m 

n e * = £ 

i=1 

Proof. (1) —> (2): We assume q > 2. Let / : L —> L' be an e-isometry. Identify 7 Ti(L) and ni(L') with ( 7 ?) and 
( 7 *}, respectively, and denote by /# : 717 (L) —>• tti(L') the induced map on fundamental groups. Define IgZ 
as the smallest non-negative integer satisfying 

/# {(iqY) = lq ■ 

By [Coh73, 30.1], there are numbers e* G {±1} and a permutation a G S m such that 

&<r(i)P<r(i) = Si (mod q) 1 < i < m. 

It remains to show that JJ- e* = e. Suppose not. By |Coh731 29.6], the isometry if induced by the one given 
by ED is homotopic to / through homotopy-equivalences. In particular, / and if have the same orientational 
behaviour, which is a contradiction. 

To prove (2) —>• (1), we note that 4/ given by (12.11) is an e-isometry. □ 


Remark 2.7. Note that for odd q, the lens spaces L(q;pi,... ,p m ) have a unique spin structure. In this case, 
(1) of Theorem 12.61 is equivalent to the statement that L and L' are e-spin-isometric. 


Theorem 2.8. Let q be even and e G {±1}- Let L := L(q\p\,... ,p m ', h) and L' := L(g; s \,..., s m ; h'). Then 
the following assertions are equivalent: 

(1) L and L' are e-spin-isometric. 

(2) There is a number t G Z, a permutation a G S m and there are numbers e, G {±1} such that 


l J P<r(i)S'cr(i) 

m 

II £i 

i=l 

h + h' + h P q +h S q 


= Si (mod q) VI < i < m , 


= £, 

^ m 

= - T. if Pa (i) S-a (i) - Si) (mod 2 ) . 


Proof. The statement about the isometry and the orientation is clear from the previous theorem. Since the 
mapping of spin structures is a homotopy invariant of a map (in the class of homotopy equivalences), we can 
work with the isometry if : L —> L' induced by the one given by ED- Its lift 'L G 0(2 to) is covered by two 
elements ±4/ G Pin(2m). Now the relation (12.21) lifts to Spin(2m) as 


r h ((Y q Y) = ^- 1 -rUl S q )^ 

if and only if h + h' + h p q + h s q = ± 1 {lPo(i) e a(i) ~ s i ) (mod 2 ). 


□ 


For any lens space L(q;pi,... ,p m ) we can always, either by one of the two last theorems or simply by 
choosing another generator ( r y p ) k , k G Z with (q,k) = 1, find a (-fl)-spin-isometric lens space of the form 
L(q ; 1, S 2 , ■ ■ ■, s m ). In particular, every three dimensional lens space can be written as L(q ; 1 ,p), which we will 
abbreviate as L(q;p) from now on. Theorems 12.61 and 12.81 then take the following form. 

Corollary 2.9. Let e G {±1}- The lens spaces L(q;p) and L(q;s) are e-isometric if and only if 

p = es (mod q) or p • s = e (mod q). 
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Corollary 2.10. Let q be even and e £ {±1}- The lens spaces L(q;p; h) and L' = L(q ; s; h') are e-spin-isometric 
if and only if 

P — £S 

ep = s (mod q) and h + h! + h p q + h s q =- (mod 2) 

or 

VS — £ 

ep - s = 1 (mod q) and h + h! + h p q + h s q = - (mod 2). 

To facilitate the understanding of Corollaries 12.91 and 12.101 we provide the following 

Example 2.11. The lens space L{ 7; 2) is + 1-spin-isometric to L( 7; 4) because 2-4 = 1 (mod 7) whereas L(17; 4) 
is —1-spin-isometric to itself because 4 2 = —1 (mod 17). In particular, L(17;4) has symmetric spectrum. 
Analogously, L{ 8 ; 3; 0) is + 1-spin-isometric to L( 8 ; 3; 1) because 3 2 = 1 (mod 8 ) and 0 + 1+ 0 + 0 = 3 3 8 ~ 1 
(mod 2) and L( 10; 3; 0) is — 1-spin-isometric to L( 10; 3; 1). Note that there is a —1-spin-isometry of L(q- 1 p ; h), 
h £ { 0 , 1 }, if and only if p 2 = —1 (mod q) and p + 1 is even, which is never the case. 

At last, we cite a theorem that characterises those lens space, which are Riemannian homogeneous. 

Theorem 2.12 ( [Wol84j . Corollary 2.7.2). The lens space L(q\p\,... ,p m ) is homogeneous if and only if pi = 
±Pj (mod q) for all 1 < i < j < m. In particular, two homogeneous lens spaces of the same dimension and 
volume are isometric. 


3. The Spectrum of the Sphere and its Quotients 

In this section, we describe the spectrum of the Dirac operator on the sphere and its quotients, the spherical 
space forms. We then specialise the formulas to lens spaces and end the section with a theorem about the 
spectral rigidity of homogeneous lens spaces. 

The spectrum of the Dirac operator on the three dimensional sphere was first calculated in [Hit74] . though 
the round metric was only one among a large class of metrics for which Hitchin calculated the spectrum. In 
ISul79j . S. Sulanke calculated the spectrum of S n for all n > 2 by a representation theoretic approach. C. Bar 
found an alternative and shorter method to calculate the spectrum in [Bar91] (cf. IBar96| ) using Killing spinors, 
which also paved the way for the description of the spectrum on spherical space forms. It is this approach which 
we will follow and use in this and the following sections. 

Theorem 3.1 ( (Hit74| . [Sul79j . | Bar96l 1. The eigenvalues of the Dirac operator on the round sphere S n are 

± (— + k'j , k £ No 

with corresponding multiplicities 

mult s .(±g+t))= 2 H](" + *“ 1 ). 

We now pass to spherical space forms T\S 2m ~ 1 , where T C SO(2m) is a finite and freely acting group of 
orientation preserving isometries of S 2m_1 . Restricting to odd dimensions is no loss of generality since the only 
spherical space forms in even dimensions are the sphere S 2m itself and real projective space PR 2 ” 1 , which is not 
orientable and, in particular, not spin. Suppose that the quotient r\5 2m_1 is spin, and let a spin structure be 
given by r : T —> Spin(2m). The spinor fields on T\S ' 2m_1 can be identified with the T-invariant spinor fields 
on g 2 " 1-1 by a unitary isomorphism (see |Gin09i Proposition 1.4.2]). In particular, the eigenspinor fields of 
the Dirac operator on T\5 ' 2m_1 can be identified with the T-invariant eigenspinor fields of the Dirac operator 
on S' 2 ” 1-1 . It follows that the eigenvalues of the Dirac operator on TyS 12 " 1-1 are ± ( 2m 2 ~ 1 + fc), k > 0, with 
corresponding multiplicities 

0 < mult(r\sam-i )T ) (± ( 2m 2 ~ 1 + k)) < mult^m-i (± ( 2m 2 '^ 1 + k)) . 

We weave these multiplicities into two power series. 

Definition 3.2. Let T\>S ' 2m_1 be a spherical space form equipped with a spin structure r : T —> Spin(2m). The 
generating functions of (the spectrum of the Dirac operator on) T\5 ' 2m_1 are 

F±\ S ,t) ( 2 ) := X^mult (r \ S 2 m -i >r) 1 + z k . 

Using the multiplicities on S' 2 ” 1-1 , a standard argument shows that these power series converge absolutely 
for |c| < 1. In accordance with Definition 12.51 we now make the 
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Definition 3.3. Let M and N be compact Riemannian spin manifolds. Then M and N are +l-isospectral if 
the spectra of their Dirac operators Dm and Dn coincide, where each eigenvalue is counted with its multiplicity. 
The Riemannian spin manifolds M and N are — 1 -isospectral if the following condition is met: A (E R is an 
eigenvalue of Dm with multiplicity m = mult^A) if and only if —A is an eigenvalue of Djv with multiplicity 
m = multAr(A). The manifolds M and N are isospectral if they are e-isospectral for some e £ {±1}. 

Proposition 3.4. Let T\S' 2m_1 and r , \«S' 2m ~ 1 be spherical space forms with spin structures r : T — > Spin(2m) 
and t' : T' — > Spin(2m), respectively. Then r\S' 2m_1 and r'\5' 2m_1 are (+1 )-isospectral if and only if 


F. 


= F\ 


and (—1)-isospectral if and only if F±^ S = F^ ^ S ,T ^ 


± “ i ± v -j —r—• v ' » v - ± - - T 

For the following Theorem, denote by '■ Spin(2m) —t C the positive and negative half-spin characters, 
respectively. 

Theorem 3.5 l |Bar96t Theorem 2]). Let T\S' 2m ~ 1 be a spherical space form equipped with a spin structure 
t : T —t Spin(2m). Then the eigenvalues of the Dirac operator are ± ( 1 + A;) , k > 0, with multiplicities 
determined by 


(3.1) 


F. 


(r\s 2m -V), s = J_ V x=F ( r ( 7 )) ~ z ~X ± ( r (7)) 

l r l ~^ T det ( Id ~ 2 ‘ 7) 


Denote by £ := the ro-th root of unity e 2m / n _ Then, for lens spaces, Theorem l3. 51 takes the following form. 
Corollary 3.6. Let L = L(q-,pi,... ,p m )- If <7 is odd, the generating functions of L are 


E 


(3.2) 


F 


(L, T 


\z) = 


2 m ~ 1 £l ... em= (_i )m +i 


,(«+i)feEj _ 

S 2 q Z ■ 


-E- 

k—0 


E 

ei—e m =(-l)’ 


Aq+£)kY,j ejPj 
S 2 g 


- z )(^ kPi - z ) 


E 


(3.3) 


F ( _ L ’ t \z) = 


om— 1 1 _) , .. 

L e 1 ”-e m =(— 1 ) T 


i =1 

(q+l)kJ2j ZjPj 

S2 q Z 


■E 

k=0 


E 

El-£m = (-l)”‘ + 1 


Aq+l)kJ2j tjPj 

S2 q 


- *)(£,-** - *) 
i=i 


If q and m are even and L is equipped with the spin structure Th, then the generating functions of L are 

E E 


(3.4) 


F 


(L,T h ) 


-1 9-1 


S2 q 


(z) = -!il 




ei”-e m =(— 1 )" 


(3.5) 


p{L,Th) 


k—0 


q~ 1 


E 


(z) =-^(_l) fe (^) 


ei—e TO =(-l)' 


i=i 

E 

ei---e m = ( —l) m+1 


S 2 <? z ‘ 


£ k ^3 € 3Pj 
S 2 g 


fc =0 


IIE- - -*) 

i=i 


Proof. The values of the half-spin characters on the image of the homomorphisms inducing the spin structures 
can be found on IIIt 15851 p. 290]. □ 

Remark 3.7. Heat kernel methods for the Dirac Laplacian D 2 on an arbitrary compact spin manifold show 
that the dimension as well as the volume of M are spectrally determined (see |BGY04] 'l. Thus, for a lens space 
L(q;pi, ..., Pm) > iti and q are spectrally determined. 

The first application of the preceding corollary is the following spectral rigidity result for homogeneous lens 
spaces. 


Theorem 3.8. Let L = L(q;pi,... ,p m ) and L' = L(q; s i,..., s m ) be lens spaces with fixed spin structures. Let 
L is homogeneous. If L' is isospectral to L, then L' is homogeneous as well and so, in particular, isometric to 
L. Moreover, if in = 2, q > 2, and L' is e-isospectral to L, then L' and L are e-spin-isometric and carry the 
same spin structure. 
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Proof. Let F± and F± be the generating functions of L and L', respectively. Formulas lj3.2M3.5ll show that the 
poles of F± are precisely the g-th roots of unity and that these are at most of order 2m. In fact, the term for 
k = 0 generates a pole of order 2m — 1 at z = 1 and in case q is even, the term for k = q/2 generates a pole of 
order 2m — 1 at 2 = — 1. By the homogeneity assumption, the denominator of every term for k ^ { 1, q/2} has a 
zero of order m. In case m is even, the numerators of these terms have real coefficients, hence, no zeros cancel 
the ones from the denominator. Let to be odd and fix 1 < ko < q. Since the coefficients of the numerator of 
the term for k = ko are complex conjugate to the coefficients of the numerator of the term for k = q — ko, at 
least one of these terms has a pole of order m at z = If L and L' are isospectral, then, by Proposition 13.41 
F± must have a pole of order to at every g-th root of unity that is not 1 or — 1 , hence Si = ±Sj (mod q) for all 
1 < i < j < m. 

Now let to = 2 and q > 2. If q is odd, the multiplicities of the first positive and respectively negative 
eigenvalue of the Dirac operator on L = L(q;l) are F^’ T \ 0) = 2 and Fi L-r ^(0) = 0. If q is even, then 
f’j L ’ T “)(0) = 2 and F^ L ’ T0 \ 0) = 0, whereas F| i ’ ri ' ) (0) = 0 = F^ L,T1 \ 0). To distinguish the positive from the 
negative spectrum when L is endowed with the spin structure ri, we note that lim 2 _ > _i(l + z) 3 f\ L,Ti \z) = 
§ = -lim 2 _>_i(l + z) 3 F^ L ’ Tl \z). □ 

Remark 3.9. Let L = L( 2; 1) = RP 3 , then F±’ T °' > = ± = F^' Tl \ This symmetry is generated 

by the isometry of RP 3 corresponding to the choices i = 1, e\ = —£2 = 1 and a = (12) (see Theorem 12.81) . 
Thus, by Theorem 13.81 the spin manifold RP 3 is the only three dimensional homogeneous lens space for which 
the spectrum is invariant under a simultaneous change of orientation and spin structure. 


4. Three dimensional Lens Spaces 


In this section we consider lens spaces of dimension three. We denote by q a positive integer, by p and s 
integers that are coprime to q and p, s ^ ±1 (mod g). Furthermore, let p*,s* £ Z be any integers such that 
p ■ p* = s ■ s* = 1 (mod q). 

We note that in the three dimensional case, the generating functions of L(q;p) simplify to 

2^1 cos HP5Ma± D ^-s-cos 

F±(z) = -V_ 2 _ 9 _ 

q to - z) fe- fc - z) - z) (V p - z) 

for odd g, whereas the generating functions of L(g;p; h) for even g simplify to 

n 9- 1 


F±{z) = -Y(-l) k ( h +K) 

n ^^ 


k =0 


k(p- pi) 1) 

COS ' 7T — z • cos J 1 r 

- z) (& k - z) (e, p - z) (V p - z) ■ 


We do not give proofs for Lemma ITT! Corollarv l4.2l Lemma fOl and Corollary 14. 41 as the statements are the 
same as those of the corresponding lemmata and corollaries in [IY79] and the proofs go through with at most 
minor modifications. 

Lemma 4.1. 

(g,p+1) = (q,p* + 1 ) 

{q,p- 1) = (q,p* - 1) 

Corollary 4.2. Let k be an integer such that 

k(p ± 1 ) ^ 0 (mod g). 

Then 

k{p* ± 1 ) jk 0 (mod g) . 

Lemma 4.3. If L(q-,p) and L(q;s) are isospectral, then 

( q,p~ 1 ) = (q,s- 1 ) 

{q,p + 1) = (q,s + 1) 


or 


(■ q,p - 1 ) = {q,s + 1 ) 
(q,p + 1 ) = (q,s - 1 ). 
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In particular, ((q,p — 1), (q,p + 1)) = 


1 if q is odd 

2 if q is even. 


Corollary 4.4. If L(q;p) and L(q;s) are isospectral and k is an integer satisfying 

k(p ± 1)^0 (mod q ), 

then 

k(s ± 1)^0 (mod q). 

Proposition 4.5. Let k £ Z such that k{p± 1) ^ 0 (mod q). If q is odd, the residues of the generating functions 
F± of the lens space L(q-,p) at z = F are 


(4.1) 


2 i e q 


cos 


q (l-?f) 

fc(pTi)(g + i) t fc_ fe (p ±1 )(9 + 1 ) 


- 7 r — C cos ■ 


k(p - 1 ) k{p + 1 ) 

7r ) I cot --7T — cot --7T + 


COS 


q q 

k(p* T 1 )(g + 1 )_ _ fc(p* ± l)(g + 1 ) 


9 


-7T — ££ COS ■ 


fc(p* - 1 ) k(p* + 1 ) 

7T COt -7T — COt -7T 


If q is even, the residues of the generating functions F± of the lens space L(q-,p; h) at z = £ k are 


(4.2) 


2 i 


q (l -e q k Y 


(- 


l) k ^ h+ K) (cOfl^^TT-tfcOB 


/c(p ± 1) 


7T COt 


fc(p - 1 ) , k(p + 1 ) 


-7T — COt 


7T + 


Hp* ± i) 


Hp* -1) 


k{p* + 1 ) 


(_l)Hp*(h+hV)+u(p,p*)) ( cos _ £ COS ~~ y 7T ] [ cot ^-——7T - COt —--—7T 

V q q 

where u{p,p*) is defined by p ■ p* = u(p,p*)q + 1 . 

Proof. The condition on k ensures that the F± have a pole of order one at z = There are precisely four 
terms that contribute to the residue of F± at z = Let q be odd. Then we calculate straightforwardly: 

t 2 t cos cos l Js±ma±n n 

lim (£ — z)F± = - lim (£ — z) -r—-r- 

qz h&-z)(tf-z)($-z)(& l *-z) 

( fc(p=pl)(g+l) fc(p±l)(g+l) kp* (p=pl)(g+l) fk kp* (»±l)(g+l) N 

4 / COS ’ 7T — COS — ' 7T COS ^ j n _ c/c cog _p_vp ^ 


q v ^ ?£) (?« p - ?£) (V p - #) (?£ p * - #) (V p * - ? 9 fc ) - ?£) 

4 ck f cos fc(PTl)(g+l) ^ _ £ cos M£±lKg±ll 7T cos fcp-lPTlKg+D ^ _ gfc cos fc P*(r±l)(g+lV 

So I o ^>g g q >g g 


91 -?; 


2 /c 

9 




(l — ?g (1 P * ] ) (l-?^ (1+P ‘ } ) 


Using the formula cot 6 = 2 i&_i + we transform the denominators to 
1 1 


(l - ^ (1 “ p) ) (l - ^ (1+p) ) 6j fc(p+1) (l - Cg _fc(P_1) ) (l - ? 9 _fe(P+1) ) 


?£ (p+1) (? 9 - fc(p - 1} - ? 9 - fc(p+1) ) V 1 -?' 

1 i 


fc(p+!) i _ /r _fe (P _1 ) 
<7 1 sg 


k{jp - 1 ) k(p + 1 ) 

cot- 7 r — cot- 7 T 


The case when q is even is very similar. 


□ 
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Definition 4.6. Let k be an integer such that k(p± 1) ^ 0 (mod q). If q is odd, let 


i p q ' k ~ 6 




k(p - 1 ) k(p + 1 ) 

cot-7r — cot-7r 


If q is even, define 


jp-k-b := (_!)*(/»+/»') ( cot _ cot 


fc(p+ 1) 


9 


for h £ Z. 

For the the next corollary, let <r : C —> C denote complex conjugation. 

Corollary 4.7. If q is odd and the lens spaces L(q;p) and L(q;s) are e-isospectral, then 
( 4 . 3 ) If k + if* = (If + if*') 

for every k £ Z s.t. k(p ± 1) ^ 0 (mod q). Now assume q is even. If the lens spaces L{q\p\h) and L(q;s;h r ) 
are e-isospectral, then 

(4 4 ) jp;fc;h _|_ (_1 jp*;k-,h _ ^^( 1 -e) ^ js-k-h ' q_ js*;fc;h' 

/or every k £ Z s.t. k(p± 1) ^ 0 (mod g). 

Proof. Assume <7 is odd and the lens spaces L = L(q;p) and L' = L(g; s) are +l-isospectral. By Proposition l3.4l 
the generating functions of these lens spaces satisfy F± = F± . In particular, the residues of their poles at 
every z = f k with k such that k{p ± 1) ^ 0 (mod q) coincide. Dividing the residues (14.11) by their common 
factor —2 i/q ■ f k /(l — f 2k ) 2 , considering the imaginary parts of the resulting equations and dividing again by 
the common factor sin (fhrik/q), we obtain the set of equations 

cos MgiM) f ( C ot mezHtt - cot me±i ) n ) + cos ( cot me^d . n _ co t 

q \ q q ) q \ q q ) 

= cos fc (^ 1 )(g+ 1 ) 7r ^ot Mfzli^ _ cot ^±1 !tt) + cos hi£rni3±ll n (cot M£l_ cot Mfltll^ . 

Addition and subtraction of the equations ”+” and yield, up to a common factor, the real and imaginary 
parts of equation (14.31) . The case of — 1-isospectrality is very similar. The case of even q is similar, too. □ 

Remark 4.8. One can show by either straightforward calculations or using Corollary 12.101 that the term 
(_i)“(p.p )+ hP q +h p q the e q ua tions (14.41) is an invariant of the + 1-spin-isometry class of L(q;p ; h) = L(q;p*\ h + 
h q +hf +u(p,p*)). 

We denote by Q g the g-th cyclotomic field Q(£ g ). Its ring of integers is Z[£ q ]. Let A := 1 — £ Q q . Then 

(A) is a prime ideal in Z[£ g ] and we have ( q ) = (A) ?_1 . From now on, we consider on Q q the A-adic valuation 
and the corresponding metric. This provides a notion of convergence (see e.g. jRibOll Chapter 17.1.2]). 

Lemma 4.9. Let q > 5 be prime. Then for all 1 < l,k < q — 1, the number 

4 -TTrt eZ l«J 


has the convergent power series expansion 


A 


i-£ 


40 


—1 — 2 / 


1 - p 

+ fc. 


+ 


-1 + k 2 - 6kl + 6l 2 
12 


A 2 


-1 + k 2 - 6 kl - 2 k 2 l + 6 1 2 + 6 kl 2 -4Z 3 , 

+ 24 A- + ... , 

all of whose coefficients are elements ofZ^, the localization ofTL by the maximal ideal ( q ). 
Proof. To prove the first claim, choose 1 < k* < q — 1 such that kk* = 1 (mod q). Then 


A 


i-4 _ i-(4 fc ) 


k* 


1-4 1 - 4 1 - 4 

= i + 4 + 4 fc + ..- + 4 (fc * _1) . 
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To prove the statement about the power series, we expand the individual parts separately. The first part is 

' ")(-+ 


£5=(i-a)‘=x: 

3= 0 


= 1 _, A + MhT)v-W- 1 )(‘- 2 )y + .... 


Next, we expand 1 — Q into the power series 


k -1 


l-^ = l-(l-A) fc = Afc£ 

3=0 


k -i\(-xy_ 
3 ) 3 + 1 


_„/C , (fe-l)(A;-2 ) 2 (fc-l)(A:-2)(fc-3) 3 

_ Afc ^___ A+ ---A 24- A + '-'- 

Because of 1 < k < q — 1, all coefficients of this power series are elements of Z( ? ). The same is then true for 
the series of A/(l — £*) and its Cauchy product with the series of 1 — This is sufficient for the claimed 


convergence statement. 


□ 


Theorem 4.10. Let q £ N be prime. If two lens spaces with fundamental groups of order q are e-isospectral, 
then they are e- spin-isometric. 


Proof. The case q = 2 was discussed in Remark 13.91 For q = 3,5,7 there are at most two different isometry 
classes, one of which is homogeneous. Thus, these are spectrally determined by Theorem 13.81 Let q > 11 and 
L = L(q-,p) and L' = L(q; s ) be two +l-isospectral lens spaces. By the same theorem we can assume p ^ ±1 
(mod q) and thus by assumption s ^ ±1 (mod q). By Corollary [47] we have 

rp;i _i_ rp*;i _ tpA i rp*4 
q ' q q ' q 

Using the formula cot0 = — i and Lemma l4~9l we see that |A (/| ;1 + ;1 ) = |A (/* ;1 + ;1 ) G Z[£ g ]. 

Let R = {0,1,... , q — 1} and 


l -\(P q ’ 1 +lf’ 1 ) = Y / 9n\ n , 


n—0 

oo 


-A(/f +lf’ 1 ) = Y / 9n^ 


n—0 


be the unique power series with g n ,g’ n G R for all n G N (see e.g. |Rib991 Chapter 2.2 O]). By assumption, 
g n = g' n for all rGN. Furthermore, by Lemma 14.91 


/ 


53 =24^ 


(.Ik) 


\ 


24 


E 


1 6 1 2 „ 4/ 3 

- +^- 4 ^-^+ +^- — 

—v-' =11 =111 =iv =vi '-v- 

\ =1 =V =VII/ 

/ 

I RV 2 4//3 

=11' =III' =IV' =VI' '-v—’ 

\ =1' =V' =VII'/ 


(mod ( 7 ), 


where we sum over (l, k) G { (^-p,p - l) , ( 3 ^-p*,p* — l)} and (l\ k ') G { (^-^p + l) , (^^p^p* + l)}. 

We calculate the summands in pairs. Obviously, III — III' = VI — VI' = 0 (mod q). Furthermore, we have 


1 


1 


1 


1 


p-1 p* -1 p + 1 p* +1 
1 p 1 p 


p — 1 1 —p p + 1 1 +p 


= 2 (mod q ), 


II — II' = p — 1 + p* — 1 — p — 1 — p* — 1 = —4 (mod q ), 
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IV - IV' = -2^±lp(p - 1) - 2^yV(p* - 1) 

+ 2 ^±ip(p + 1 ) + 2«±±p*(p* + 1 ) 

= (9 + 1 )(~P 2 +P~ (P*) 2 + P* 

+ p 2 + p+ {p*) 2 +p* = 2(q + 1 )(p + p*) (mod <?) , 
V-V' = ^(g + 1) 2 ' 




P 2 ! 

(p*) 2 

p 2 

P- 1 

p* -1 

p +1 

9 


9 

p 

p 

p 

p- 1 

p- 1 

p+ 1 

p 2 -p* 

p 2 + p* \ 


= 9 (9 + 1)^ , 

2 \ p-1 p +1 


- 5 <" + 1 > 




P 6 + P ~ 1 — P* — P A — 1 + P + P 
p 2 — 1 

= 3(9 + l) 2 (mod q ), 


VII - VII' = - 


p 2 - 1 


(9+1) / P 3 , (pT p 3 


* \ 3 


(p*) 


> \p- 1 p* - 1 p+1 p* + l 

(q+lf fp 3 -(p*) 2 P 3 + (p*f\ 


P-1 


p+ 1 


_ (g+ l ) 3 f p 4 - p* +p 3 - (p *) 2 - p 4 - p* +p 3 + (p*) 


p 2 — 1 


(<? + lf ( 2p 3 -2p* 

p 2 — 1 


= — (9 + 1) 

Putting everything together, we obtain 

1 


3/p 2 —(p*n - 


p-p 


= -(<? + !) (p + p*) (mod g). 


Analogously, 


p 3 = -(2-4 + 2(g + l) (p + p*) 

+ 3(9 + l ) 2 - (9 + if (P + P*)) 

= (—2 + 3((? + l ) 2 - (p + p*) (<? + 1) (q 2 + 2<?- l)) (mod q). 


93 = ^ (-2 + 3(<? + l) 2 - (s + s*) (q + 1) ( q 2 + 2q - l)) (mod q). 


Since, by assumption, (73 — g' 3 , we have 

(4.5) p+p* = s + s* (mod g) . 
Squaring both sides of (14.511 yields 

p 2 + 2 + (p *) 2 = s 2 + 2 + (s*) 2 (mod q) 
which, after subtracting 4 on both sides, leads to 

(p — p *) 2 = (s — s *) 2 (mod q). 

This means 

(4.6) (p — P*) = ±(s — s*) (mod q). 
Addition and subtraction of equations (14.511 and (14.611 yields 

p = s (mod q) or p = s* (mod (?), 































PROPERTIES OF THE DIRAC SPECTRUM ON THREE DIMENSIONAL LENS SPACES 


13 


which means, by Corollary 12.91 that L and L' are +l-isometric. Since for odd q the lens spaces L(q',p) admit 
only one spin structure, L and L' are trivially + 1-spin-isometric. □ 

Remark 4.11. A nontrivial question is whether the assumption that q be prime in Theorem 14.101 is necessary 
for the conclusion to hold. High precision computer calculations of the numbers and IP< k < h for 2 < q < 10 4 , 
p from a full set of representatives of Z q , 1 < k < q, k(p ±1)^0 (mod q) and all h G (0,1} suggest that the 
condition can probably be dropped. These calculations were verified with a computer and the exact method 
from [BL14] for all parameters in the same range, so that the following conjecture is reasonable: 

Conjecture 4.12. Any two three dimensional e-isospectral lens spaces are c-spin-isometric. 

Remark 4.13. Note that Theorem 14.101 implies for each odd prime q that L(q-,p) has symmetric spectrum if 
and only if p 2 = —1 (mod q). If Conjecture 14.121 is true, then this will hold for all odd q. Furthermore, under 
this assumption, L(g;p; 0) will have the same spectrum as L(q\p ; 1) if and only if p 2 = 1 (mod q) and ( p 2 — 1 )/q 
is odd. Expanding on Remark 13.91 L(q;p\ 0) will then be —1-isometric to L(q;p; 1) if and only if p 2 = —1 
(mod q) and (p 2 + 1 )/q is odd. 


5. THE //-INVARIANT 

The 77 -invariant measures the asymmetry of the Dirac spectrum in dimension n = 3 (mod 4) and appears 
in the Atiyah-Patodi-Singer index Theorem (cf. [ Gin09l Chapter 8.7]). We here present a formula due to C. 
Bar for the //-invariant on spherical space forms and, more specifically, on lens spaces. Using this formula and 
the method from the last section, we prove that, in case q is a prime, any two lens spaces L = L(q;p) and 
L' = L(q; s ) with q L = eq L are e-spin-isometric. Example 15.41 shows that this statement does not generalize to 
all q G N. Note that (modulo the e-statement) both of these results are already known (see [Kat87j l. though 
the method of proof of the first one is new. 

Theorem 5.1 ( |Bar001 Theorem 5.2 ]). Let T \ gl 2 ™- 1 ) a spherical space form with spin structure given by 
t : T — > Spin(2m). The q-invariant ofT \ S 2m ~ 1 is 

2 y- (X~ ~X + )(t(7)) 

|r| 7e r(Tr d2m} d et(Id 2m -7) 


Corollary 5.2. Let L = L(q\pi,... ,p m ) be a lens space. If q is odd, then the q-invariant of the Dirac operator 
on the lens space L is given by 


q L = (-l) m / 2+1 - 


1 


q2 r ' 


q— 1 m 

iin 


CSC 


(q + 1 )kpj 


fc=ij=l 

If q and m are even and L is equipped with the spin structure Th, then the eta-invariant of L is 

1 q— 1 m 


v L = (-i)’ 


i/ 2 +l _ 


qT 


-Ei- 1 ) 


k(h+h**) 


k=l 


n 

3 =1 


kpj 

CSC --7T . 

Q 


Theorem 5.3. Let q G N be a prime, e G {±1}, and let L = L(q;p), L' = L(q;p) be lens spaces such that 
q L = eq L . Then L and L' are e- spin-isometric. 

Proof. The case q = 2 was already discussed in Remark U~9l Let q > 3. Represent esc a; as 2 ie~ xx 1 _ e 1 _^; x . A 
simple generalization of Lemma 14.91 to the case of products of the form f l yields convergent power 

series in A for q L and q L , along with expressions for the coefficients of A 0 . Comparing the latter yields p = es 
(mod q) or p = es* (mod q). □ 


Example 5.4. There are six isometry classes of three dimensional lens spaces whose fundamental groups have 
order 25. Representatives are L(25; 1), L(25;2), L( 25; 3), L(25;4), L{ 25; 7) and L(25;9). The corresponding 
77 -invariants are — |, A, 0 and — In particular, Theorem 15.31 does not generalize to all q G N. 
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